HYDRODYNAMIC LIMIT OF GRADIENT EXCLUSION 
PROCESSES WITH CONDUCTANCES ON Z d 



FABIO J. VALENTIM 



Abstract. Fix a smooth function <t> : [l,r] — > R, defined on some inter- 
val [l,r] of R, such that < b < <t>' < ft -1 . We prove that the evolu- 
tion, on the diffusive scale, of the empirical density of exclusion processes 
in Z d , with conductances given by special class of functions W, is described 
by the weak solutions of the non-linear parabolic partial differential equation 
dtp = Y,k=iW dx k)WdW k )<S>(p). We also derive some properties of the op- 



erator T,UiWdx k )(d/dW k ). 



1. Introduction 

Wc consider exclusion processes with conductances given by a special class of 
functions W : R d — > K, such that W[x\, . . . , xa) = 53fe=i Wk(xk), where d > 1 and 
each function Wk ■ M — ► R is strictly increasing, right continuous with left limits 
(cadlag) , and periodic in the sense that Wfc(it + 1) - Wk(u) = Wfc(l) - Wfc(O) for 
all u G K. We show that, on the diffusive scale, the macroscopic evolution of the 
empirical density of exclusion processes is described by the nonlinear differential 
equation 

k—l 

where $ is a smooth function strictly increasing in the range of p such that < b < 
< 6 _1 and denotes the generalized derivative, see and a revision in sec- 

tion[31 In Theorem 12.11 we show that the operator J2k=i(^/ 'dxk)(d/ 'dWk), defined 
on an appropriate domain, is non-positive, self-adjoint and dissipative; moreover, 
its eigenvalues are countable and have finite multiplicity, the associated eigenvec- 
tors forming a complete orthonormal system. Thus, we obtain the infinitesimal 
generator of a reversible Markov process. These properties have been proved in [3] 
for the onc-dimcnsional case, i.e., d = 1. 

The main tool used was the theory of energetic spaces and Friedrichs extension, 
see, for instance, [TH chapter 5]. In our case, we build the operator with the above 
properties by using the one-dimensional case, see section [3] 

The discrete version of the generator J2t=i(d/dxk){d/dWk) admits a decompo- 
sition by generators of random walks with conductances also given by W. This 
allows using the method in [31 [5] to understand the scaling limit of the process. 

Wc consider auxiliary Markov processes associated with the empirical measure 
acting in the resolvent of the random walk. Since the trajectories are cadlag, it is 
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usual that these processes are endowed with the Skorohod topology [21 EJ HH [7] . 
However, here, the processes are endowed with the uniform topology, analogous to 

As said in the introduction of [3], non- linear versions of the partial differential 
equation (ji.ip . d = 1, appear naturally as scaling limits of interacting particle 
systems in inhomogeneous media. They may model diffusions in which permeable 
membranes, at the points of discontinuities of W, tend to reflect particles, creating 
space discontinuities in the solutions. But when d > 2, it is not obvious that 
we should also have this effect. In fact, the particles may have other options of 
movement. However, for this special class of functions that we are considering here, 
that also provides conductances for the process, we have the same effect found in 
the one-dimensional case. 

Models with conductances have attracted the attention of several authors. An 
extensive list can be found at [3J U3] ■ Recently |?j has shown homogenization results 
for the random walk among random conductances on an infinite cluster in 7L d . In 
|10j . the author proves an almost sure invariance principle for a random walker 
among i.i.d. conductances in Z d , d > 2. 

The paper is structured as follows. In Section [2] we present the dynamics of 
the above exclusion process, formalize the notations used in the paper and list 
the main results. In Section [3] we build the operator ^2f. = i(d/dxk){d/dWk) with 
the properties listed above. Section |4] is a preparation for Section [5l the discrete 
exclusion process is decomposed in terms of the random walk and we prove some 
results involving the transition and resolvent functions of the processes involved. 
In section [5j we prove the scaling limit. Finally, in Section [6] we show that the 
solutions of (jl.ip have finite energy. 

2. Notation and Results 

We examine the hydrodynamic behavior of a <i-dimcnsional exclusion process, 
d > 1, with conductances given by a special class of functions W : R d — > R such 
that: 

d 

W(x 1 ,...,x d ) = Y,W k (x k ) (2.1) 

where Wk : R — > R arc right continuous with left limits (cadlag) strictly increasing 
functions, periodic in the sense that 

W k (u + 1) - W k (u) = W k (l) - W k (0) 

for all u £ R and k = 1, ...,d. To keep notation simple, we assume that Wk 
vanishes at the origin, Wk(0) = 0. 

Denote by T d = [0, l) d the d-dimensional torus and by ex, . . . , ej the canonical 
basis of R d . For this class of functions we have: 

• W(0) = 0, 

• W is strictly increasing on each coordinate: 

W(x + aej) > W{x) 

for all 1 < j < d, a > Q,x £ R d ; 

• W is continuous from above: 

W(x) = lim W(y), 
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where we say that y > x if yj > Xj for all 1 < j < d. 
• W is defined on the torus T d : 

W(x\, . . .,Xj-i,0,Xj+i, ...,Xd) = W(xi, . . . , Xj-i, l,Xj + i, ...,Xd)- W(ej), 

for all 1 < j < d, (xi, . . . ,Xj-i,x j+ i, ...,Xd) £ I** -1 . 

Unless explicitly stated W belongs to this class. Let T d N be the d-dimensional 
discrete torus with N d points. Distribute particles throughout T d N in such a way 
that each site of Tfj is occupied by at most one particle. Denote by r\ the configu- 
rations of the state space {0, 1} Tjv , so that 77(2:) = if site x is vacant and J][x) = 1 
if site x is occupied. 

Fix a > -1/2 and W, for x = (x u . . . , x d ) £ T d N let 

Cx,x+ ej (v) = 1 + a{r)(x - ej) + r)(x + 2 ej)} , 
where all sums are modulo N, and let 



w,x+e, N[W((x + ej)/N)-W(x/N)} N[Wj(( Xj + 1)/N) - Wj( Xj /N)} ' 

The stochastic evolution can be described as follows. Let x — (xi, . . . , Xd) £ Tfj. 
At rate ^ x , x+ej c x . x + ej (j]) the occupation variables rj(x), rj(x + ej) are exchanged. 
If W is diffcrcntiable at x/N £ [0, l] d , the rate at which particles are exchanged is 
of order 1 for each direction, but if some Wj is discontinuous at Xj/N , the rate is 
of order 1/N. Assume, to fix ideas, that Wj is discontinuous at Xj/N, smooth on 
the segment (xj/N, Xj/N + eej), (xj/N — eej,Xj/N) and that Wk is differentiable 
in Xk/N for k 7^ j. In this case, the rate at which particles jump over the bond 
{x — ej, x} is of order 1/N, while in a neighborhood of size N of this bond, particles 
jump at rate 1. In particular, a particle at site x — ej jumps to x at rate 1/N and 
jumps at rate 1 to each of the 2d — 1 other options. Particles, therefore, tend to 
avoid the bond {x — Sj,x}. For the one-dimensional case (see [3] ) it was shown 
that, on a time interval of length iV 2 , a particle spends a time of order at site 
x, hence particles will jump slower over the bond {x — ej, x}. This bond may, for 
instance, model a membrane which obstructs the passage of particles. However, in 
the d-dimensional case, particles have the possibility to go from x — ej to x, without 
having to jump over the bond {x — ej, x}. One may argue that these discontinuity 
points would not serve as barriers anymore. However, for the same time interval 
and scaling considered in the one-dimensional particle will jump slower over 

the bond {x — ej, x}. This is due to the fact that any path that begins at x — ej and 
ends at x, or vice- versa, will necessarily have a j-th coordinate {xj — l,Xj}, for some 
Xj. Then, this process also models membranes that obstruct passages of particles. 
Notice that these membranes are (d — l)-dimensional hypcrplanes embedded in a 
rf-dimcnsional environment . 

The effect of the factor c x ^ x + ej (77) is analogous to the one-dimensional case. If 
the parameter a is positive, the presence of particles in the neighboring sites of the 
bond {x, x + ej} speeds up the exchange rate by a factor of order one. 

The dynamics informally presented describes a Markov evolution. The generator 
Ln of this Markov process acts on functions / : {0, 1} T » — > R as 

d 

(L N f)( V ) = E E ^.x+^fa) {f(° x ' x+ei v) - my ■ v-v 
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where o~ x ' x+ej r) is the configuration obtained from 77 by exchanging the variables 
i](x) and r/(x + ej): 

!r)(x + ej) ify = x, 
rj(x) ify = x + e v (2.3) 

77(2/) otherwise. 

A straightforward computation shows that the Bernoulli product measures {v^ : 
< a < 1} are invariant, and in fact reversible, for the dynamics. The measure 
is obtained by placing a particle at each site, independently from the other sites, 
with probability a. Thus, is a product measure over {0, 1} T « with marginals 
given by 

v a {V ■ -nix) = 1} = a 
for x in T^. For more details see [7j chapter 2]. We will often omit the index N 011 
<■ 

Denote by {ry t : t > 0} the Markov process on {0, 1} T « associated to the gen- 
erator Ln speeded up by N 2 . Let Z?(R+, {0, 1} T «) be the path space of cadlag 
trajectories with values in {0, 1} T ™. For a measure /-ijv on {0, 1} Tjv , denote by P MN 
the probability measure on -D(R+, {0, 1} T «) induced by the initial state /zjv and the 
Markov process {rj t : t > 0}. Expectation with respect to P MJV is denoted by E MN . 

2.1. The operator Cw Fix W = Ylk=i Wk as in (|2.1|) . In [3] it is shown the 
existence of self-adjoint operators Cw k ■ Dw k C L 2 (T) — ► L 2 (T). Further, the set 
Aw k of the eigenvectors of C\y k forms a complete orthonormal system in L 2 (T). 
Let 

d 

Aw = {f:T d ^R;f( Xl ,...,x d ) = l[f k (x k )J k eA Wk , k = l,...,d}. 

k=l 

Denote by span(A) the space of finite linear combinations of the set A, and 
H>w := span(Aw)- Define the operator hw : ID^ - * L 2 (T d ) as follows. For 
/ = ]lfe=i fk G Aw, we have 

d d 

^w(f)(xi,...Xd) = 2J II fj( x j)£w k fk(xk), (2.4) 
k=ij=i,j^k 

and we then extend to Hw by linearity. 

Lemma 13.21 in Section [3l shows that is symmetric and non-positive; U>w 
is dense in L 2 (T d ); and the set Aw forms a complete, orthonormal, countable 
system of eigenvectors for the operator hw Let Aw = {h k }k>o, {«fc}fe>o be 
the corresponding eigenvalues of — L^/, and consider T>w = {v = T^k=i Vk ^ lk e 
L 2 (T d ); J2T=i v l a l < +°°}- We derlne the operator L 2 (T d ) by 

- £ w « = X! a k y khk (2.5) 
fc=i 

The operator Cw is clearly an extension of the operator l,w j and we present in 
Theorem 12. II some properties of this operator. 

Theorem 2.1. The operator C w ■ V w £ 2 (T d ) enjoys the following properties. 
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(a) The domain T>w "is dense in L 2 (T d ). In particular, the set of eigenvectors 
Aw = {hk}k>o forms a complete orthonormal system; 

(b) The eigenvalues of the operator —Cw form a countable set {c<k}k>o- All 
eigenvalues have finite multiplicity, and it is possible to obtain a re- enumeration 
{c<k}k>o such that 

= ctQ < a± < ■ ■ ■ and lim a n = oo; 

n — >oc 

(c) The operator I — Cw ■ T>w - > L 2 (T d ) is bijective; 

(d) Cw '■ T^W ~ ¥ L 2 (T d ) is self-adjoint and non-positive: 

(-CwfJ) > 0; 

(e) Cw is dissipative. 

In view of (a), (b) and (d), by Hille-Yosida theorem, Cw is the generator of a 
strongly continuous contraction semi-group {Pt : L 2 (T d ) — > L 2 (T d ) }t>o- 

Denote by {G\ : L 2 (T d ) — > L 2 (T d ) }a>o the semi-group of resolvents associated 
to the operator Cw- G\ = (A — Cw) • G\ can also be written in terms of the 
semi-group {P t ; t > 0}: 

/•OO 

G x = / e- xt P t dt. 



In Section |4] we derive some properties and obtain some results for these opera- 
tors. 

2.2. The hydrodynamic equation. A sequence of probability measures {pjy : 
TV > 1} on {0, 1} T » is said to be associated to a profile po ■ T d — > [0, 1] if 



lim /ijv 

N— >oo 



-L J2 H(x/N)r,(x) - f H(u)p (u)du\ >S I =0 (2.6) 



for every S > and every continuous function : T d — > R. For details, see [3 
chapter 3]. 

For a positive integer m > 1, denote by C m (T d ) the space of continuous functions 
H : T d — > M with to continuous derivatives. Fix / < r and a smooth function 
$ : [Z, r] — ► R whose derivative is bounded below by a strictly positive constant and 
bounded above by a finite constant: 

< B- 1 < < £ 

for all x e [Z,r]. Let 7 : T d — > [I, r] be a bounded density profile and consider the 
parabolic differential equation 

d t p = Cw^(p) (0 7 s 

p(O,-) = 7(0 ' [ ' 

A bounded function p : R + x T d — > [/, r] is said to be a weak solution of the 
parabolic differential equation (|2.7|l if 



Jo 



for every continuous function H : T d — > R, all t > and all A > 0. 



(i 



F. J. VALENTIM 



Existence follows from tightness of the sequence of probability measures Q^ N 
introduced in Section [5] The proof of uniqueness of weak solutions is analogous to 

Theorem 2.2. Fix a continuous initial profile po : T d — > [0, 1] and consider a 
sequence of probability measures /ijv on {0, 1} Tjv associated to po, in the sense of 
\2.(A Then, for any t > 0, 



lim 



± H{x/N) m (x) - 



>S \ = 



for every 6 > and every continuous function H. Here, p is the unique weak 
solution of the non-linear equation (|2.7|) with I = 0, r = 1, 7 = po and (fr(a) = 



Remark 2.3. The specific form of the rates c XiX _|_ ei is not important, but two 
conditions must be fulfilled. The rates must be strictly positive, they may not depend 
on the occupation variables rj(x), i](x + e{), but they have to be chosen in such a 
way that the resulting process is gradient, (cf. Chapter 7 in [7] for the definition 
of gradient processes). 

We may define rates c x , x + ei to obtain any polynomial <f> of the form 3>(a) = 
ct + ^2 2 <j<m a 3 a ^ > m — 1' with 1+E2<j< m i fl i > 0- Let, for instance, m = 3 then 
the rates 

Cx,x+e,(ri) = Cx,x+ei(v) + 

b {rj(x - 2a)r](x - e») + rj(x - ei)rj{x + 2e%) + r/(x + 2e l )ij(x + 3ei)} , 

satisfy the above three conditions, where c x , x +ei is the rate defined at the beginning 
of Section 2 and a, b are such that 1 + 2a + 3b > 0. An elementary computation 
shows that $(a) = 1 + aa 2 + 6a 3 . 

In Section [5] we prove that any limit point of the sequence Qu^. is concen- 
trated on trajectories pit, u)du with finite energy in the following sense: for each 
1 < 3 < d, there is a Hilbert space L 2 _^ w ., associated to Wj, such that 



d 



where Il-H^^wj is the norm in L 2 .^ w . and d/dWj is the derivative, which must be 
understood in the generalized sense. 



3. The operator C w 

The operator C w : V w C L 2 {T d ) -> L 2 (J d ) is a natural extension, for the d- 
dimensional case, of the self-adjoint operator obtained for the one-dimensional case 

in ®. 

We begin by presenting one of the main results obtained in [3], and we then 
present the necessary modifications to conclude similar results for the d-dimcnsional 
case. 
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3.1. Some remarks on the one-dimensional case. Denote by (•,•) the inner 
product of L 2 (T), where T C 1 is the one-dimensional torus: 

(f,9) = / f(u)g{u)du . 
Jt 

Let W\ : R — > R be a strictly increasing right continuous function, with left 
limits (cadlag), and periodic in the sense that W\{u + 1) — W\{u) = W\{1) — Wi(0) 
for all ti in R. 

Let T>w ± be the set of functions / in L 2 (T) such that 

f{x) = a + bWi(x) + I Wi(dy) [ f(z)dz, 

J(0.x] JO 

for some function f in L 2 (T) such that 

f(z)dz = 0, / W 1 (dy)(b+ [ J f(z)dz) = 
J(o.i] v Jo 1 

Define the operator Cw 1 ■ T^Wx — * L 2 (T) by Cw ± f = f- Formally 
where the generalized derivative d/ dW\ is defined as 

jL (x)=]im ,;;* +e ;-ff> (3. 2) 

dWi ; e-oWi(x + e)-Wi(a;) V 7 

if the above limit exists and is finite. 

Denote by I the identity operator in L 2 (T). 

Theorem 3.1. The operator Cw ± ■ T^Wi ~ * £ 2 (T) enjoys the following properties: 

(a) is dense in L 2 (T); 

(b) T7ie operator I — : - ► L 2 (T) is bijective; 

(c) £vVi : f Wi ~~ * i 2 (T) is self-adjoint and non-positive: 

(-CwJJ) > 0; 

(d) is dissipative i.e., for all g 6 2?^ A > 0, we Ziaue 

||A ff || < ||(AI-£ Wl )ff||; 

(c) The eigenvalues of the operator —£w form a countable set {A„ : n > 0}. All 
eigenvalues have finite multiplicity, = Aq < Ai < • • • , and linin^oo A n = 

oo; 

(f) The eigenvectors {f n }n>o of the operator Cw form a complete orthonormal 
system. 

The proof can be found in [3J. 



3.2. The d-dimensional case. Consider W as in (|2.1[) . Let Aw k be the count- 
able complete orthonormal system of eigenvectors for the operator Cw k '■ T^w k C 
L 2 (T) -> R given by Theorem O Let 

d 

A w = {f:T d ^R:J(x u ... 1 x d ) = l[f k (x k )J k eAw k }- 

fc=i 
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Note that, by Fubini's theorem, the set Aw is orthonormal in L 2 (T d ), and the 
constant functions are eigenvectors for the operator Cw k - Moreover, Aw k C Aw, 
in the sense that f k (x 1 , ■ ■ ■ , x d ) = fk{xk), fk G .Aw*- 

Define the operator : IS>w '■= span(Aw) — > £ 2 (T d ) as follows: for / = 
Ilfe=i fk € Aw, 

d d 

l<w{f)(xi,---Xd) = ^2 II fA x j)£wJk(xk), (3.3) 

k=lj=l,j^k 

and extend to U>w by linearity. 

By (|3.ip . the operators £vK fe can be formally extended to functions defined on 
T d as follows. Given a function / : T d — > M, we define Cw k f as 

£w k f — ~T~~j7r/~f> (3-4) 
where the generalized derivative d/dWk is defined by 

d/ /(xi, . . . + e, . . . ,x d ) - f(xi, ■ ■ ■ ,x k , . . . ,x d ) 

(x 1 ,...,x k ,...,x d ) = hm ■ 



dW k K±, --- ,K ' ° ; ,"6 Wfe ( Xfe+e )_ Wfc ( a;fc ) 
if the above limit exists and is finite. Hence, by (|3.3p . if / € Biy 



(3.5) 



L W / = ^A^/. (3.6) 

fe=i 

Note that if / = Ilfc=i fk, where fk € ^W fc is an eigenvector of Cw k associated 
to the eigenvalue A^, then / is an eigenvector of "hw with eigenvalue X k . 

Lemma 3.2. T/ie following statements hold: 

(a) T/ie set B w is dense in L 2 (T d ); 

(b) The operator Lw : Bvv ~~ * £ 2 (T d ) zs symmetric and non-positive: 

(-Uv.f,.f) > 0. 

Proof. The strategy to prove the above lemma is the following. We begin by show- 
ing that the set 

d 

S = span({feL 2 (T d )-f(x 1: ...,x d ) = l[f k (x k )J k €V Wk }) 

fe=i 

is dense in 

d 

§ = span({f G L 2 (T d ); . . . , a*) = J] /fc G L 2 (T)}). 

k=l 

We then show that U>w is dense in S. Since S is dense in L 2 (T d ), item (a) follows. 

We now prove item (a) rigorously. Since S is a vector space, we only have to 
show that we can approximate the functions IIfc=i fk <= L 2 (T d ), where f k £ 2?w fc , 
by functions of U>w- By Theorem 13. 11 the set T>w k is dense in L 2 (T), thus, there is 
a sequence (/k)„ eN converging to f k in L 2 (T). Thus Let 

d 

f n (xi, ...,X d ) = Y[ fn( x k)- 
fe=l 
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By the triangle inequality and Fubini's theorem, the sequence (/„) converges to 
E[fe=i fk- Fix e > and let 

d 

h(xi, . . . ,x d ) = Y\_ h k(xk), h k G T> Wk . 

k=l 

Since for each k = 1 . . . , d, Aw k C Dw k is a complete orthonormal set, there 
exist sequences G Aw k and (t-fR such that 

n(k) 

where 5 = tjdM d ~ x and ill := 1 + supk=i-. n \\h k \\- Let 

d n(fc) 

5 (a;i,...,x d ) = J] £a*fl*(a;*) £%■ 
fe=i j=i 

An application of the triangle inequality and Fubini's theorem yields \\h — g\\ < e. 
This proves (a). 
To prove (b), let 

d d 
f(xi, . ■ ■ ,x d ) = JJ fk(xk) and g(x 1} . . . , x d ) = JJ g k {x k ) 

k=l k=l 

be functions belonging to Aw- We have that 

d d d d d 

(f,h w g} = (Y[fk,^2 J! 9j£w k gk) = 53 ( n fj9jJkC Wk g k ), 
k=i k=ij=i,frk k=i j=ij#fe 

where (•, •) denotes the inner product in L 2 (T d ). Since, by Theorem I3.lt Cw k is 
self- adjoint, we have 

d d 

J2( II fj9j,9kC Wk fk) = (£wf,g)- 
fe=i j=i,jjkk 

In particular, the operator Cw k is non-positive and therefore 

d d 

(f,L W f)=j2( n f?jk£ W j k )<o. 

Item (b) follows by linearity. □ 

Lemma 13.21 implies that the set ^4vk forms a complete orthonormal countable 
system of eigenvectors for the operator h\y- Let ^4vk = {hk}k>a, and let {afc}fc>o 
be the corresponding eigenvalues of — hw- Consider 

oo oo 

V w = {v = J^v k h k G L 2 (T d );^v 2 k al < +^}, 

k=l k=l 

and define 

-Cwv = /,UkVkh k . (3.7) 
fc=i 
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The operator Cw is clearly an extension of the operator Lvy- Formally, by (|3.6|) . 

d 

c w f = Y, c w>f> ( 3 - 8 ) 

k=l 

where ^ 

Cwkf = d^~ k dw~ k f - 

We are now in conditions to prove Theorem 12. 11 
Proof of Theorem \2.1\ Since H)w C £>Wj the density oiT>w in L 2 (T d ) follows from 



the density of Biv, shown in lemma [ 

If a k are eigenvalues of — Cw, we may find eigenvalues Aj, associated to some 
/j G ^4wj , such that = Y^,j=i A i- By Theorem 13. l[ item (c)], (b) follows. 

Let {a k }k>o be the set of eigenvalues of —Cw- Then the set of eigenvalues of 
I — Cw is {7fc}fc>0j where jk — &k + 1, and the eigenvectors are the same as the 
ones of Cw- By item (b), we have 

1 = 7o < 7i < • • • and lim 7„ = oo . 

n — >oo 

Thus, I — Cw is injective, and for 

-t-oo oo 

v = T; fc fe fc g L 2 (T d ) , such that ^ v 2 < +oo , 
fc=i &=i 

let 

then u G and (I — Cw)u = v. Hence, item (c) follows. 

Let C* w : V w * C L 2 (T d ) -> L 2 (T d ) be the adjoint of C W - Since £ w is symmet- 
ric, we have T>w C ■ So, to show the equality of the operators it suffices to 
show that T>w* C . Given 

ip = ^(p k h k G V w *, 
fe=i 

let = V-' £ L 2 (T d ). Therefore, for all v = J2k=i v k^k € £>Wi 

fc=l 



Hence 



in particular, 



= X ~ a k ( Pkh k , 



k=l 



a 2 ^ 2 < +oo and 99 G T>\ 



'W- 

k=l 

Thus, Cw is self-adjoint. Let v = Y^t^i v khk S %■ From item (b) a k > and 

+00 



-C w v, v) = ^ a fe ^ > 0. 



fe=i 
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Therefore Cw is non-positive and item (d) follows. 

Fix a function g in T>w, A > 0, and let / = (AI — Cw)g- Taking inner product, 
with respect to <?, on both sides of this equation, we obtain 

X(g,g) + (-C w g,g) = (g,f) < (g,g) 1/2 (fj) 1/2 . 

Since g belongs to V\y, bv (d), the second term on the left hand side is non-negative. 
Thus,'||A ff || < 11/11 = \\(Xl-C w )g\\. □ 



4. Random walk with conductances 
Recall the decomposition obtained in (|3.8j) : 

d 

Cw = ^2 ' 

The discrete version of Cw is the generator of a Markov process given as 
follows. For each function / : {0, 1} T « — > M, 

d 

LnM = J2 L Nf(v), (4.1) 

where 

In Section [2 we described, informally, the dynamics of this Markov evolution. 

4.1. Discrete approximation of the operator Cw- Let j = 1, . . . , d. Consider 
the random walks {X 3 t }t>o on the discrete torus, -/V^Tjv, which jumps from x/N 
(resp. (x + l)/N) to (x + l)/N (rcsp. x/N) with rate 

N 2 e x , x+1 = N/{W 3 {(x + 1)/N) - Wj(x/N)}. 

Let {X t = (Xf, . . . , Xfy} t >o be the random walk on N~ lr f^ , where is the 
discrete d-dimensional torus with N d points. 

The generator hjy of this Markov process acts on functions / : — » K as 

d 

L N f(x/N) = J2Kf( x / N )> (4-2) 
i=i 

where 

hi f (x/N) = N^^^lfdx + e^/N)- f(x/N)} 
+ ^_ ej , x [f((x- ej )/N)-f(x/N)]} 

are the generators of the one-dimensional random walks {X^} t >o- 

Note that lJ N f(x/N) is in fact a discrete version of the operator Cw r The 
counting measure mjv on N~ 1 Tf f is reversible for this process. 
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4.2. Semigroups and resolvents. In this subsection we introduce families of 
semigroups and resolvents, associated to the generators Ljv and Cw- We present 
some properties and results regarding the convergence of these operators. 

Denote by {Pf : t > 0} (resp. {G^ : A > 0}) the semigroup (resp. the resolvent) 
associated to the generator Ltv, by {P^'"* : t > 0} the semigroup associated to the 
generator U N , by {P/ : t > 0} the semigroup associated to the generator and 
by {P t : t > 0} (resp. {G\ : A > 0}) the semigroup (resp. the resolvent) associated 
to the generator Cw- 

Since the jump rates from x/N (resp. (x + €j)/N) to (x + ej)/N (resp. x/N) 
are equal, is symmetric: P^(x,y) = P^ f (y,x). 

Using the decompositions (|4.2j) and l|3.8|) . we have that 

d d 
P 4 JV (x )2 /) = n^ VJ (^.%-) ^d P t (x,j / ) = n^(^,%)- 

3=1 J'=l 

By definition, for every H : N~ x T d N -> R, 

G X H = / dte- xt P t H = (XI- C w )~ l H, 
Jo 

where I is the identity operator. 

Lemma 4.1. Let if : T d — > R fee a continuous function. Then 

r lin 3 ^ E \ P t NH ( x / N ) - PtH(x/N)\ = 0. (4.3) 



JV-»+oo jV d 



Proof. If if : T d — > R has the form if (xi, . . . , a^) = Ilj=i Hj( x j)' we have 

d d 
Pfif(z) = IJjf^fo) ^d P t if(x) = HPiH^). (4.4) 

j=i j'=i 

Now, for any continuous function if : T d — > R, and any e > 0, we can find 
continuous functions ffj.fe : T — > R, such that if ' : T d — > R given by 

m d 

j=i fc=i 

satisfies ||if' — if ||oo < e. Thus, 

^ £ |P t w ff(x/iV)-P t P(x/7V)| < 2 e +i_ £ \P t N H'(x/N)-P t H'(x/N)\. 

By and similar identities for P 4 if' and P t J if', the sum on the right hand 
side in the previous inequality is less than or equal to 

1 rn d d 

ni E ^U^^M^/m-np^H^km < 

xer%j=i fc=i fc=i 

m d 

Nd E E^Ei^'^^/^-^^^/^i' 
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where Cj is a constant that depends on the product J\k=i-Hj,k- The previous 
expressions can be rewritten as 

m d N 

E^E^ E Y.\ p t' kH ^/ N )-p^H j>u {i/N)\ = 

j=i k=i xeT^ 1 i=1 

rn d N 

E C i E Jf E \Pt N ' k Hj, k (i/N) - P t k H^/N)\. 

j=l k=l i=l 

Moreover, by [2 lemma 4.5 item hi], when N — ► oo, the last expression converges 
to 0. 

□ 

Corollary 4.2. Let H : T d — ► R &e a continuous function. Then 

J™ ^ E |G^(.T/7V)-G AJ ff(x/iV)|=0. (4.5) 

AT— >+oo A" z — ' 

Proof. By definition of resolvent, for each N, the previous expression is less than 
or equal to 

r°° i 

/ dte ~ Xt W E \P t N H(x/N)~P t H(x/N)\. 

Corollary now follows from the previous Lemma. □ 

Let /at : Tfj — > R be any function. Then, whenever needed, we consider / : 
T d — > R an extension of /at to T d given by: 

/(?/) = In(x), if x G T^r, j/ > a; and ||y - x\\oo < 

Lemma 4.3. Let H : T d — > R &e a continuous function, then the extension of 
P t N H : T% -> R to T d &don 9 ,s to L 1 (T fi ), and 



J^duP t N H(u) = ^^Hix/N). 



x£T d 



Proof. Assume, without loss of generality, that H > 0. Since the transition proba- 
bility P^(x,y) is symmetric, we have 



J^duP t N H{u) = ^ E P t N {x,v)H{y/N) 



E tffo/tf) E = jjs E ^(^)- 

This proves the identity and also that P t N H G L x (T d ). □ 

The next lemma shows that H can be approximated by P^ H. As an immediate 
consequence we obtain an approximation result involving the resolvent. 

Lemma 4.4. Let H : T d — > R &e a continuous function, then, 

limlimsup^-T V \P t N H(x/N) - H(x/N)\ = 0, (4.6) 

t-»-0 at^+oo N 
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and 

lim Umsup^r V \XR^H(x/N)-H(x/N)\=0. (4.7) 

Proof. Fix e > and consider H' as in the proof of Lemma [4TT1 Thus, 

^ \P t N H(x/N)-H(x/N)\ <2e+^J2 \P t N H'(x/N) - H'(x/N)\, 

x£7 d N x£T d N 

where the second term on the right hand side is less than or equal to 
C ° s "v4l E \ p F' k Hi,i<(**/N)-BjA*k/N)\, 

j,k JV 



Co being a constant that depends on H' . By [21 lemma 4.6], the last expression 
converges to 0, when TV — > oo, and then t — ► 0. This proves the first equality. 

To obtain the second limit, note that, by definition of the resolvent, the second 
expression is less than or equal to 

poo 1 

/ dt\e~ xt — d \P t N H(x/N)-H(x/N)\. 

By lemma 14. 3[ the sum is uniformly bounded in t and N . By the first part of 
Lemma l4~3l it vanishes as N — > oo and t — > 0. This proves the second part. 

□ 



Fix a function H : T d N -> M. For A > 0, let = G^H be the solution of the 
resolvent equation 

\H X — I^nH^ = H. 
Taking inner product on both sides of this equation with respect to ,we obtain 



X jl E (^(x/N)f - ± d £ H»(x/N)L N H? 



= 1^11 H?(x/N)H(x/N). 
A simple computation shows that the second term on the left hand side is equal 

to 

^E E tx,x + e 3 [V N ,H^ X /N)]\ 

where V N ,jH(x/N) = N[H((x + ej)/N) -H(x/N)\ is the discrete derivative of the 
function H in the direction of the vector ej. In particular, by Schwarz inequality, 

± J2 H?(x/Nf < J2 H(x/Nf and 

; £T ! ^ (4.8) 

F EE ^eAV^H^x/N)? <- F E H(x/Nf. 

3=1 x£T d N x£T d N 

We have proved the following. 
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Proposition 4.5. Let H : T d — > R be a continuous function, = G^H , and let 

to^v be the counting measure on Tff. Then and Wj^jH^ converge to when 
N — > oo and A — ► oo in L 2 (Tfj, to at). 

5. Scaling limit 

Let .M be the space of positive measures on T d with total mass bounded by one 
endowed with the weak topology. Recall that ir^ £ M. stands for the empirical 
measure at time t. This is the measure on T d obtained by rescaling space by N 
and by assigning mass 1/N d to each particle: 

= ^rf 7 lt{x)S x/N , (5.1) 

where S u is the Dirac measure concentrated on u. 

For a continuous function H : T d — > R, (71^ , ff ) stands for the integral of if with 
respect to 71"^: 

= ^E H(x/N)r, t (x) . 

This notation is not to be mistaken with the inner product in L 2 (T d ) introduced 
earlier. Also, when ir t has a density p, n(t,du) = p(t,u)du, we sometimes write 
(pt,H) for <7T tj H). 

For a local function g : {0, 1} Z — » R, let g : [0, 1] — » R be the expected value of 
g under the stationary states: 

~g(a) = E Ua [g{ri)] ■ 

For I > 1 and (i-dimensional integer x = (xi, . . . , x^), denote by rf{x) the 
empirical density of particles in the box W + (x) = {(yi, . ■ ■ , yd) £ Z d ; < yi — Xi < 

ty. 

y£M e + (x) 

Fix T > and let D([0,T} 7 M) be the space of M -valued cadlag trajectories 
7r : [0, T] — * M endowed with the uniform topology. For each probability measure 
l±N on {0,1} T «, denote by Q^ N the measure on the path space D([0,T],M) 
induced by the measure /ijv and the process ir^ introduced in (|5.1|) . 

Fix a continuous profile po ■ T d — > [0, 1] and consider a sequence {pn ■ N > 1} 
of measures on {0, 1} Tjv associated to po in the sense (|2.6[) . Further, we denote by 
be the probability measure on D([0,T],M) concentrated on the deterministic 
path ir(t, du) = p(t, u)du, where p is the unique weak solution of (|2.7|) with 7 = po, 
h = 0, rfc = 1, k = 1, . . . , d and $(a) = a + aa 2 . 

In subsection 15.11 we show that the sequence {Q^ N : N > 1} is tight and in 
subsection 15.21 we characterize the limit points of this sequence. 

5.1. Tightness. The proof of tightness of sequence {Q^ N ■ N > 1} is motivated 
by [SIG]. We consider initially the auxiliary .M-valued Markov process {U^' N : t > 
0}, A > 0, defined by 
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for H in C(T d ), where {G^ : A > 0} is the resolvent associated to the random walk 
{X^ :t>0} introduced in Section gj 

We first prove tightness of the process {II 4 ' : < t < T} for every A > and 
we then show that {Ht' N ■ < t < T}, and that {ir^ : < t < T} are not far apart 
if A is large. 

It is well known [7] that to prove tightness of {H7 ' : < t < T} it is enough, 
to show tightness of the real-valued processes {II t ' v (H) : < t < T} for a set of 
smooth functions H : T d — > R dense in C(T d ) for the uniform topology. 

Fix a smooth function H : T d — > M. Denote by the same symbol the restriction 
of H to N- 1 ^. Let iff = G^H, so that 

AiJf - h N H? = H . (5.2) 

Keep in mind that H^' N (H) — (irf,H^), and denote by M/ V ' A the martingale 
defined by 

m n,x = u x,n {h) u x,n {h) /"* ds N 2 L N (n^ , H^) . (5.3) 

Jo 

Clearly, tightness of H XN (H) follows from tightness of the martingale M^' X and 
tightness of the additive functional J Q ds N 2 Ln(tt^ , H^) . 

A long, but simple, computation shows that the quadratic variation (M N,x ) t of 
the martingale M t ' is given by: 

1 d /"* 
Jj2dYl ^.x+e.i^N^H^ix/N)} 2 / c x , x+e .(7/ s ) [r) s (x + ej) - rj s (x)} 2 ds . 

In particular, by (|4.8|l . 

i=l x£T% 

for some finite constant C(H) which depends only on H. Thus, by Doob inequality, 
for every A > 0, S > 0, 



lim P, ljV 

N— *oo 



I „ rN.X I . r 

sup M t > o 

0<t<T 



= . (5.4) 



In particular, the sequence of martingales {M^' X : N > 1} is tight for the uniform 
topology. 

It remains to examine the additive functional of the decomposition (|5.3|) . The 
generator of the exclusion process Ln is decomposed in generators of the random 
walks Ljv,j. By (|4.1(1 . ()4.2jl and a long but simple computation, we obtain that 
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N 2 L n (it n ,H£) is equal to 

3=1 x£T% 

+ Jfl E [(L A/J ff A Ar )((x + e J )/7V) + (L NjJ fff)(x/7V)](r^ lj )(^) 

where {t x : x € Z d } is the group of translations, so that (r x ri)(y) = r](x + y) for 
x, y in Z d , and the sum is understood modulo N. Also, ft-ij , h 2 .j are the cylinder 
functions 

hi,j(v) = V(0)v{ej) > h 2,j(v) = v(-ej)v(ej) ■ 
Since is the solution of the resolvent equation (|5.2[> . we may replace hpjH^ 
by C/j^ = XH^ — /J in the previous formula. In particular, for all < s < t < T, 

*drN*L N {*?,H?)\ < (1 + y' s) £ |£/f(*/A0|. 

est* 



It follows from the first estimate in (|4.8[) , and from Schwarz inequality, that the right 
hand side of the previous expression is bounded above by C(H, a)[t — s) uniformly 
in N, where C(H,a) is a finite constant depending only on a and H. This proves 
that the additive part of the decomposition (|5.3| is tight for the uniform topology 
and therefore that the sequence of processes {IT t ' : N > 1} is tight. 



Lemma 5.1. The sequence of measures N '. iV ^ 1} is tight for the uniform 
topology. 



Proof. It is enough to show that for every smooth function H : T —> M and every 
e > 0, there exists A > such that 



lim ] 



sup \I^- N (XH)-(^,H)\ >e 

0<t<T 



= 0, 



since in this case, the tightness of ir^ follows from tightness of n A,Ar . Since there 
is at most one particle per site, the expression inside the absolute value is less than 
or equal to 

± J2 \\H»(x/N)-H(x/N)\ . 

By Lemma 14.41 this expression vanishes as TV j oo and then A | oo. □ 

5.2. Uniqueness of limit points. We prove in this subsection that all limit points 
Q* of the sequence Q^ N are concentrated on absolutely continuous trajectories 
7r(i, du) = p(t, u)du, whose density p(t, u) is a weak solution of the hydrodynamic 
equation f|2 . T|) with I = < r = 1 and $(a) = a + ao? . 

Let Q* be a limit point of the sequence Q^ N and assume, without loss of 
generality, that Q^ N converges to Q* . 

Since there is at most one particle per site, it is clear that Q* is concentrated on 
trajectories irt(du) which are absolutely continuous with respect to the Lebesgue 
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measure, nt(du) = p(t, u)du, and whose density p is non-negative and bounded by 
1. 

Fix a continuously differentiable function H : T d — > R and A > 0. Recall the 
definition of the martingale M^' introduced in the previous section. By (|5.4|) . for 
every S > 0, 



lim 



N— >oo 

By ([53]), for fixed < t < T and 5 > 



sup M t ' > o 

0<t<T 







lim ! 



> S 



0. 



Since there is at most one particle per site, we may replace, by Corollary 14.21 
G^H by G X H in the expressions (irf, G% H), (w^,G^H) above. On the other 
hand, the expression N 2 Ln(tt^ , G^H) has been computed in the previous subsec- 
tion. Recall that LatG^ H = XG^H — H . As before, we may replace G^H by 
GxH . Let Ux = \G X H - H. Since E Va [hi,j] = a 2 , i = 1, 2 and j = 1, . . . , d, in 
view of (|4.8j) . and by Corollary 1 5. 4[ for every t > 0, A > 0, <S > 0, i = 1, 2, 



lim lim sup I 



e^0 



AT- 



> 5 



= 0. 



Since T]g N (x) = e d TT* {Yij=i[ x j I ,Xj j 'N + eey]), we obtain, from the previous 
considerations, that 



lim lim sup Q^f 



r — o 



N—>oo 
N 



(n?,G x H) 



K.GxH) 



fdsUis-^dH-r + eej])),^ 
Jo x j=l 



> 5 



Since H is a smooth function, GxH and Ux can be approximated, in L (T ), 
by continuous functions. Since we assumed that Q^y^ converges in the uniform 
topology to Q*, we have that 

(n u GxH) - (no, GxH) - 



lim Q * 



fds (<S>(e- d n s (f[l 



id) , Ux 



> 5 



Since Q* is concentrated on absolutely continuous paths -K t (du) = p(t,u)du with 
positive density bounded by 1, £ _d 7rs(Ilj=i ["> ' + £e j]) converges in L 1 (T d ) to p(s, .) 
as e i 0. Thus, 

rt 



> S 



(n t ,GxH) - (ttq, GxH) - f ds {<S>(p s ) , C W G X H 

Jo 

because Ux = CwGxH. Letting 6 J, 0, we see that, Q* a.s., 

(ttuGxH) - (tt q ,GxH) = f ds($(p s ), C w GxH) . 

Jo 



= 0, 
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This identity can be extended to a countable set of times t. Taking this set to be 
dense, by continuity of the trajectories 7Tt, we obtain that it holds for all < t < T. 
In the same way, it holds for any countable family of continuous functions H. 
Taking a countable set of continuous functions, dense for the uniform topology, we 
extend this identity to all continuous functions H, because G\H n converges to G\H 
in L 1 (T d ). if H n converges to H in the uniform topology. Similarly, we can show 
that it holds for all A > 0, since, for any continuous function H, G\ n H converges 
to G\H in L 1 ^), as A„ -> A. 

Proposition 5.2. As N f oo, the sequence of probability measures converges 
in the uniform topology to Qw- 

Proof. In the previous subsection we showed that the sequence of probability mea- 
sures Q^ N is tight for the uniform topology. Moreover, we just proved that all 
limit points of this sequence are concentrated on weak solutions of the parabolic 
equation (|2.7| . The proposition now follows from a straightforward adaptation of 
the uniqueness of weak solutions proved in [3] for the d-dimensional case. □ 

Proof of Theorem \2.SX Since <Q^ N converges in the uniform topology to <Qw, a 
measure which is concentrated on a deterministic path, for each < t < T and each 
continuous function H : T d — > R, (tt^,H) converges in probability to J T du p(t,u) 
H(u), where p is the unique weak solution of (|2.7|) with l/~ = 0, 7*fc = 1, 7 = po and 
<&(a) = a + ao? . □ 

5.3. Replacement lemma. We will use some results from [7j Appendix Al]. De- 
note by Hjsi(pN\va) the relative entropy of a probability measure ppf with respect 
to a stationary state v a , see [3 Section A1.8] for a precise definition. By the explicit 
formula given in pj Theorem Al.8.3], we see that there exists a finite constant Kq, 
depending only on a, such that 

H N (fi N \v a ) < K N d , (5.5) 

for all measures /xjy. 

Denote by (-, -} Vai the scalar product of L 2 (v a ) and denote by iff the convex and 
lower semicontinuous [71 Corollary Al.10.3] functional defined by 

iff(f) = (-In^J, ^l), a , 

for all probability densities / with respect to v a (i.e., / > and J fdv a = 1). By 
[7J proposition Al.10.1], an elementary computation shows that 

d 

4(/) = E E T L +ei (f), where 

4,^(1) = (l/2)^,+e 3 J c x , x+ej {rf) {VW^^-y/m} 2 dv a . 

By [Jj Theorem Al.9.2], if {Sj? : t > 0} stands for the semi-group associated to the 
generator N 2 I N , 

HjvOujvSfK) +2N 2 [ lff(f?)ds < H N ( m \ Va ), 
Jo 

where f^ stands for the Radon-Nikodym derivative of PnS^ with respect to v a . 
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Remember that for a local function g : {0, 1} Z — ► R, g : [0, 1] — > R stands for 
the expected value of g under the stationary states: 

g(a) = E Ua [g{r,)\ . 

For I > 1 and d-dimensional integer x = (xi, . . . , x<j), denote by rf(x) the empirical 
density of particles in the box B+(x) = {(j/i, . . . , y^) 6 ^ d i < j/j — Xj < ^}: 

= ^ E ^(f) ' 

yE»%(x) 

For each j/ € B+(x), such that yi > Xi, let 

^x+ ei ,y = ( z t)o<k<M(y) (5-6) 

be a path from x + ei to y such that: 

(1) K x+exy begins at x + e\ and ends at y, i.e.: 

2$ = x + ei and = y; 

(2) The distance between two consecutive sites of the Af, +ei = (^)o<fc<M(j/) 
is equal to 1, i.e.: 

z[' +1 = + ej ; for some j = 1 . . . , d and for all k = 1, . . . , M(y) — 1 

(3) The number of points M(y) is bounded above by d£; 

( 4 ) A i+ ei , a is injective: 

zf ^ z] for all < i < j < M{y). 

Lemma 5.3. Fix a function F : N~ 1 Tf ! — > R. There exists a finite constant 
Co = Co(a, <?, W), depending only on a, g and W, such that 



± J2 F{*/N) [{T x g(v)~~g(v eN (xmf(v)v a (dr 1 ) 



^ E \n*m\ + % E n*iN? + ^4(/), 

/or aZZ <5 > 0, e > and a?? probability densities f with respect to v a . 

Proof. Any local function can be written as a linear combination of functions of 
type ELe^ v( x )i f° r finite sets A's. It is therefore enough to prove the lemma for 
such functions. We will only prove the result for g(rj) = 77(0)77(61). The general 
case can be handled in a similar way. 
We begin by estimating 

i J2 F W N ) f vWMx + a) ~ j^y E v(y)}f(v)Mdv) (5.7) 
in terms of the functional ifj(f). The integral in (|5 . 7[) can be rewritten as: 
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For each y £ M^ £ (x), such that yi > xi, let Aj. +ei y = (Zk)o<k<M(y) be a path 
like the one in (|5.6p . Then, by property (1) of Af, +ei and using telescopic sum we 
have the following: 

M(y)-l 

rj(x + ex) - r](y) = ^ iv(4) ~ v(4+i)l 

k=0 

We can, therefore, bound (|5.7|) above by 

M(j/)-l 

)5 E E E y F(x/NM*)[V(4) ~ ^ + i)]/(*?H(*?) + 



1 1 



£7V d + 

where the last term in the previous expression comes from the contribution of the 
points y £ M+ £ (x), such that y\ = x\. Recall that by property (2) of A x+ei we 
have that z^ +1 = z v k + ej, for some j = 1, . . . , d. 
For each term of the form 



F(x/N)r,(x){r,(z) - n(z + eMfWuvidq) 
we can use the change of variables rj = <j z > z+e jri to write the previous integral as 
(1/2) / FWNWxXrjW-fiiz + ej)} {/(»?) - f{a z ^r,)} v a {dr,) . 



Since a — b = (y/a — y/b)(y/a + y/b) and y/ab < a + b, by Schwarz inequality the 
previous expression is less than or equal to 

f F(x/N) 2 V (x){ V (z) - V (z + ej )} 2 x 



4(l-2o-)6^+« 



for every A > 0. In this formula we used the fact that c ZiZ + ej is bounded below by 
1 — 2aT . Since / is a density with respect to u a , the first expression is bounded 
above by A/(l — 2a^)^ z . z+ej , whereas the second one is equal to 2A~ 1 lf z+e .(f). 

So, by properties (3) and (4) of the path A* +e , we obtain that (|5.7[) is less 
than or equal to 

1 A d sN 

£ \F(X/N)\ + £ ^(^) 2 EEC+( fc -l)e^ +fe e 3 + 

x<£T% x£T d N 0=1 k=l 

2e d 

~ E E I x,x+e ] (f) ■ 



AN d 



By definition of the sequence {6r,*+eJ, Efc=i C+fce„e, < ^[^•(l)-^(O)]. Thus, 
choosing A = 2eN~ 1 5~ 1 , for some <5 > 0, we obtain that the previous sum is 
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bounded above by 
Co 



eN d + 



T J2 \F(x/N)\ 



C e 
SN d 



E F (^) 2 



JSfd-2 M N 



4(/) 



Up to this point we have succeeded to replace rj(x)r](x + e%) by r)(x)rj eN (x). 
The same arguments permit to replace this latter expression by [rj £N (x)] 2 , which 
concludes the proof of the lemma. □ 

Corollary 5.4. Fix a cylinder function g and a sequence of functions {Fn : N > 
1}, F N : N- 1 ^ -> ffi swc/i that 



lim sup -j-^ E F N {x/N) 2 < oo 



TV— >oo 



Then, for any t > and any sequence of probability measures {[An ■ N > 1} on 
{0,1} T «, 



lim sup lim sup 1 



N- 



. 



Proof. Fix < a < 1. By the entropy and Jensen inequalities, the expectation 
appearing in the statement of the lemma is bounded above by 



1 



1 Nd 



logE,. 



exp |7 


L 







dsJ2 F N (x/N) {T x g( Vs )-g( V f(x))} 



H N {ll N \V a ) 

jN d 



for all 7 > 0. In view of (|5.5[) . in order to prove the corollary it is enough 
to show that the second term vanishes as N j oo, and then £ | for every 
7 > 0. We may remove the absolute value inside the exponential by using the 
elementary inequalities e' x l < e x + e~ x and limsup^^^ N~ x log{ajv + 6^} < 
maxjlimsup^y^^ iV" 1 log oat , lim supjy^^ TV -1 logo^r}. Thus, to prove the corol- 
lary, it is enough to show that 



lim sup lim sup — ? log E„ 

e^O N-xx N d 



exp {7 dsJ2 F n (x/N){t x9 ( Vs ) - g( V f(x))}} 



= 



for every 7 > 0. 

By Fcynman-Kac formula, for each fixed TV the previous expression is bounded 
above by 



£7 sup 
/ 



\- d E F N (x/N){T x g(r,)-g(ri eN (x))}f( V )du a - j^I N (f) 



N d 



where the supremum is carried over all density functions / with respect to u a . 
Letting 5 = 1 in Lemma 15.31 we obtain that the previous expression is less than or 
equal to 



Colt 
eN d + 



1 E \ F "W N )\ 



N d 



E F N (x/Nf 



for some finite constant Co which depends on a, g and W. By assumption on the 
sequence {Fjy}, for every 7 > 0, this expression vanishes as N f 00 and then e J, 0. 
This concludes the proof of the lemma. □ 
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6. Energy estimate 

We prove in this section that any limit point of the sequence is 
concentrated on trajectories p(t, u)du with finite energy. 

Denote by d Xj the partial derivative of a function with respect to the J-th co- 
ordinate, and by C°' lj ([0,T] x T d ) the set of continuous functions with continuous 
partial derivative in the j-th coordinate. Let L x .^ W .([0,T] x T d ) be the Hilbcrt 

space of measurable functions H : [0,T] x T d — > K such that 



ds f d(xj ® Wj)H(s,u) 

JT d 



2 < OO , 



where d(xj <8 Wj) represents the product measure in T d obtained from Lesbegue's 
measure in T d_1 and the measure induced by Wf. 

d(xj <g) Wj) = dxi . . . dxj-i dWj dxj + i . . . dx^ , 

endowed with the inner product ((H^G^xj^Wj defined by 

((H,G)) Xj 0Wj = f ds f d{x j ®W j )H{s,u)G{s,u) . 

JO JT d 

Let Qw be a limit point of the sequence Q^ N and assume without loss of 
generality that the sequence Q^ N converges to Q^- 

Proposition 6.1. The measure is concentrated on paths p{t,x)dx with the 
property that for all j = l,...,d there exists a function in L*.g W . ([0, T] x T d ), 
denoted by dQ/dWj, such that 

ds / dx (d Xj H)(s,x) $(p(s,x)) = 

JT d 

ds [ d(x j ^W j (x))(d^/dW j )(s,x)H(s,x) 
Jt 

for all functions H in C°' 1 i([0,T\ x T d ). 

The previous proposition follows from the next lemma. Recall the definition of 
the constant Kq given in (|5.5p . 

Lemma 6.2. There exists a finite constant K\, depending only on a, such that 

En* 







sup < 









dx (d x .H)(s,x)$(p(s,x)) 



K x I ds H(s,xy d(x 3 ®Wj(x)) 

Jl d 



< K 



where the supremum is carried over all functions H £ C°' lj ([0,T] x T d ). 

Proof of Proposition[6J\ Denote by I : C°^([0, T] x T d ) — > R the linear functional 
defined by 

t(H) = ( ds [ dx(d Xj H)(s,x)$(p(s,x)) . 
Jo Ji d 
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Since C°- 1 ([0,T] x T d ) is dense in L 2 Xj ^ Wj ([0,T] x T d ), by Lemma MM t is Q^- 
almost surely finite in L x .^ w .([0,T] x T d ). In particular, by Riesz representation 
theorem, there exists a function G in L x .^ w ([0,T] x T d ) such that 

l-T 



1(H) 



ds 



jd 



d(x 3 <g> Wj(a;))f/"(s,a;)G(s,a;) 



This concludes the proof of the proposition. 



□ 



For a smooth function H : T d — > R, 5 > 0, e > and a positive integer JV, define 
W s N (e,5,H,Ti) by 



?± ]T H{x/Nf{W 3 i[ Xj +eN + 1]/N) - Wj(xj/N)} 



The proof of Lemma 16.21 relics on the following result. 

Lemma 6.3. Consider a sequence {Hi, I > 1} dense in C o,1 ([0,T] x T d ). For 
every k > 1, and every e > 0, 



lim sup lim sup E„j\ 



max 

Ki<* 



W J N {e,S,H(s,-),ri s )ds 



Proof. It follows from the replacement lemma that in order to prove the Lemma 
we just need to show that 

limsupE M Jv max ■{ / W^(e,Hi(s,-),r]s)ds 







max < 


Jo 


l<i<fe 









< K ( 



where 



W J N (e, H, V ) = 1^] H(x/N) {r x g( v ) - r x+sNej g(r,)} 



eN 



J2 Hix/NfiWjdxj +eN + 1}/N) - W 3 {x 3 /N)} 



and g(rj) = r)(0) + arj{0)ri(ej). 

By the entropy and Jensen's inequalities, for each fixed N, the previous expec- 
tation is bounded above by 



N d 



1 

N 1 



logE„ 



exp i max i N d j ds W 3 N (e, Hi(s, -),r) s ) 



By (|5.5p . the first term is bounded by Kq. Since exp{maxi<j<fc ttj} is bounded 
above by X)i<j<fe GX P{ a j}j an( i since limsup^r N~ d logjajv + b^} is less than or 
equal to the maximum of limsup^ iV _d logajv and limsup w N~ d logbN, the limit, 
as N | oo, of the second term in the previous expression is less than or equal to 



max lim sup — — T log E, y 

i<t<k N ^ N d & 



exp{iV d / dsW 3 N {e,H t ( Sl -),r ls ) 
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We now prove that, for each fixed i, the above limit is non-positive for a convenient 
choice of the constant K\. 

Fix 1 < i < k. By Feynman-Kac formula and the variational formula for the 
largest eigenvalue of a symmetric operator, the previous expression is bounded 
above by 

f dssup|y'^( e ,i/ l ( S ,-),r/)/(r ? )^(^)-^ I 4(/)| , 

for each fixed N. In this formula the supremum is taken over all probability densities 
/ with respect to v a . 

To conclude the proof, rewrite 

r)(x)r](x + ej) - r)(x + sNej)r](x + {eN + !)&,-) 



r)(x){r)(x + ej) - r/(x + {eN + l)e,)} + r/(x + {eN + l)ej){q(x) - r)(x + eNej)}, 
and repeat the arguments presented in the proof of Lemma 15.31 □ 



Proof of Lemma \6.SX Assume without loss of generality that Q^ N converges to 
Q* w . Consider a sequence {H e , t > 1} dense in C°- 1 *([0,T] x T d ). By Lemma 
for every k > 1 



lim sup En* 
6^0 







max < 


- r d S i 


l<i<fe 


6 Jo Jt 



dxHi(a,x) {${p 5 s (x)) - <!>{p 5 s {x + ee 3 ))} 



Ki 

e 



ds / dx Hi (s, x) 2 [Wj {xj + e) - Wj { 



where p s s {x) = {p s * ls){x) and i$ is the approximation of the identity = 
(5)- d l{[0,6} d }(-). 

Letting S I 0, changing variables, and then letting e | 0, we obtain that 



max 

Ki<k 



ds 



(d Xj Hi)(s, x)<P{p(s, x)) dx 



K x \ ds \ H,{s,x) 2 d{x j (g)W j {x)) 



< Kr 



To conclude the proof, it remains to apply the monotone convergence theorem 
and recall that {Hg, i > 1} is a dense sequence in C°' lj ([0, T] x T d ) for the norm 

||if||oo + ||(^fl")||oo- □ 
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